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INTRODUCTION g‘

Attention has recently been given to dynamical properties of

- o

electromagnetic propulsion. In the rail-gun device, a non-conducting pro- '?ﬂﬁ
jectile is propelled by a current-carrying plasma driven by the Lorentz force. oo

Plasma dynamics is more difficult due to ablation of the projectile and for -

the most part previous studies have attempted to incorporate this effect. 2

In the present study, we return to a more elementary configuration for
the purpose of developing a fully relativistic study of this problem. Thus,
for example, it is assumed that the rest mass of the projectile is couastant.

and that total electrom momentum from the plasma is transferred to the projec-

tile. Furthermore, it is assumed that the projectile is constrained to move

in one direction. Our remaining assumption is that Ohm's law is valid in the

rest frame of the projectile.6

With these assumptions at hand, a relativistic equation is comstructed g&s‘
for the projectile velocity. Solution to this equation reveals two asymptotic ;Eéi
velocities which depends on initial field stremgths. Thus., for example, for ;Esi
the case E > B, the velocity is ¢, the speed of light, whereas for B > E, the i;&
velocity is cE/B. It is further demonstrated that for initial velocities less ?EZ:
than respective asymptotic values, velocities monotonically approach their ;Eii
respective limiting values. For the case B > E, starting velocities greater \Ti

than cE/B are found to decay to this asymptotic value.
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Our starting equation is Obm's law, which in the rest frame of the TR
(N
projectile (primed coordinates) is written 'z;‘
W
3
' =0k (1) o
SR
where o is conductivity. Transforming back to the lab frame (see Figure 1) we
.' ..}b-
L o
- 5
<. Y(Jx-cpp) =oE_
2 J =0 Y(E -BB) (2) :';:::
- y Ty P, 3
: J zoY(E_-$B)
z z y . o
N ) 2,-1/2 . o
. where f=v/c and Y=(1-3") + The charge density p, for a charge-neutral
',: plasma, is equal to zero. In the lab frame we take : :'_"_:',-‘_
[ ™ - A -
4 E=Ey (3) RN
5 e
< A ':.'\‘:.'
4 E = BE ‘-::w'
:: where hatted variables denote unit vectors. Inserting these values into
2 (2) gives
A
< J=oY(E-pB)Y (&)
with 'E denoting microscopic electron velocity we write k.'::;;t:j
\ i
" d=qn<® > (5)
- Z:E-_::E:.
:;f'i'.‘
f J\‘J
: 2
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Electron charge and density are q and n respectively. We further recall that

the density transforms as

n=Yn' (6)

Combining the latter four equations gives

<E>=u(E-pm)y ¢))
wvhere
. 2
p = oy (8)

represents mobility in the rest frame.

Taking the average of the Lorentz force on electrons we obtain

4 -
dt<py>‘c<“y>n (9)

where we have recalled the vector property given by (7). We assume a total
transfer of electron momentum to the projectile which gives

< 5 =
de Py X T qe s (10)
where N is total number of current-carrying electrons in the column. The

momentum of the projectiles P , is given by

P =My (11)

~

where M is the mass of the projectile.

Combining (7), (9), (10), and (11) gives the desired equation of motion

-8 - al,, X
qt YMv = 5 (1 v)B (12)
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where a is the length of the conducting column, I is the current

al = NquE (13)
and
w = :‘Bn' (14)

Note in particular that from (13) we may write
.
E Ao (19)

where aA represents the volume of the conducting column in the rest frame.

Integrating (12) gives

n-n _dypy du
o ¢ (15)
of,_ (u213/2,, _u
[1-&P2a-y
wheren is the dimensionless time
ns 2 (16)
Mc

and v=v_atn=n. From (15) we see that n+oo at the singular points u=¢c
and u =w which represent asymptotic velocities. It will be shown below that
these asymptotic velocities are approached momotonmically. With this property

we may conclude that for zero starting velocities maximum values are given by
E>B v __=¢ (17)

E<B v W

A sketch of these findings is shown in Figure 2.

To examine the monotonicity of v(t) we differentiate (12) to obtain
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We conclude that for vsSc and vSw, dv/dn2o. Furthermore, with v=o0 at t =o,

(18) gives the starting acceleration (in dimensional form)

dv | . alB
! dt lo ™ Mc (19)

Note that for the case E<B, an initial velocity v, > v decays to v=w as is
evident from (18). Furthermore, as is clear from (15)., asymptotic values (17)

are independent of initial velocities.

:
‘: Characteristic times corresponding to the maximum velocities (17) are as Z‘:'_Zj:.:
] follows. In the limit w>>¢c, (12) gives the characteristic time & >
s‘:-"

2 , ::{-.'

T, = Mo (20) S

1 aIB

vith maximum velocity S

=

’_'J'-.-
W c (20a) ﬁ"

max ‘.‘.:.'

O

In the limit w<<c, (12) has the solution (with v=0 at t =o), :C\‘

v=w[1 -exp(-t/'rz)] (21) -

where o

_E G

T, =BT (22)

and N

< W2 =y (22a) St

i max r

> We note that although T, <<Ty accelerations

e
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; APPLICATION

In applying the preceding results to experimental values, first we

rewrite w in practical units. Setting

g=¥ (19)

where V is the potential across the rails, permits (14) to be rewritten

&Y
LA (20)

In practical units this expression becomes

3
ko, _ 10°v(kV) 21
vl = B(kgauss)a(cm) (z1)

o7 ~ ~ .
Typical experimental values ate5 : V= 1kV, a = lems B = 200 kgauss which

S

gives w T Skm/s. This value agrees in order-of-magnitude with observed max-

imum velocities.

CONCLUSTIONS

We have examined the relativistic solution to the rail-gum configuration.

i Incorporating some simplifying assumptions we found that the projectile velo-
city goes monotonically to the minimum of the two velocities, ¢ and cE/B. The
3 asymptotic value c corresponds to E < B whereas the value cE/B corresponds to
i the limit B > E, It should be emphasized that this present study does not
take into account thermodynamic effects such as momentum imparted to the pro-

jectile from the exploding "fuse."
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z Lab Frame 2z’ Rest Frame

(projectile at rest)

Figure 1. Lab frame and rest frame
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